Abstract. In this paper, we study CR submanifolds of an S manifold endowed with a semi-symmetric non-metric connection. We give an example, investigating integrabilities of horizontal and vertical distributions of CR sub manifolds endowed with a semi-symmetric non-metric connection. We also consider parallel horizontal distributions of CR submanifolds.
Introduction
In 1963, Yano [23] introduced the notion of f -structure on a C 1 m-dimensional manifold M , as a non-vanishing tensor …eld f of type (1; 1) on M which satis…es f 3 + f = 0 and has constant rank r. It is known that r is even, say r = 2n. Moreover, T M splits into two complementary subbundles Imf and ker f and the restriction of f to Imf determines a complex structure on such subbundle. It is also known that the existence of an f -structure on M is equivalent to a reduction of the structure group to U (n) O(s) (see [9] ), where s = m 2n. In 1970, Goldberg and Yano [12] introduced globally frame f -manifolds (also called metric f -manifolds and f .pk-manifolds). A wide class of globally frame f -manifolds was introduced in [9] by Blair according to the following de…nition: a metric f -structure is said to be a K-structure if the fundamental 2-form , de…ned usually as (X; Y ) = g(X; f Y ), for any vector …elds X and Y on M , is closed and the normality condition holds, that is, [f; f ]+2 P s i=1 d i i = 0, where [f; f ] denotes the Nijenhuis torsion of f . A K-manifold is called an S-manifold if d k = , for all k = 1; : : : ; s. The S-manifolds have been studied by several authors (see, for instance, [2] , [3] , [5] , [10] , [11] ).
On the other hand, the notion of a CR submanifold of Kaehlerian manifolds was introduced by A. Bejancu in [6] . Later, the concept of CR submanifolds has been developed by [4] , [8] , [13] , [14] , [16] , [18] , [19] , [20] , [22] and others.
M EHM ET AKIF AKYOL AND RAM AZAN SARI
Let r be a linear connection in an n dimensional di¤erentiable manifold M : The torsion tensor T and the curvature tensor R of r are given respectively by [7] T (X;
The connection r is symmetric if the torsion tensor T vanishes, otherwise it is non-symmetric. The connection r is a metric connection if there is a Riemannian metric g in M such that rg = 0; otherwise it is non-metric. It is well known that a linear connection is symmetric and metric if it is the Levi-Civita connection. In [17] , Friedmann and Schouten introduced the notion of semi-symmetric linear connections. More precisely, if r is a linear connection in a di¤erentiable manifold M , the torsion tensor T of r is given by
; for any vector …elds X and Y on M . The connection r is said to be symmetric if the torsion tensor T vanishes, otherwise it is said to be non-symmetric. In this case, r is said to be a semi-symmetric connection if its torsion tensor T is of the form T (X; Y ) = (Y )X (X)Y , for any X; Y , where is a 1-form on M . Moreover, if g is a (pseudo)-Riemannian metric on M , r is called a metric connection if rg = 0, otherwise it is called non-metric. It is well known that the Riemannian connection is the unique metric and symmetric linear connection on a Riemannian manifold. In 1932, Hayden [15] de…ned a metric connection with torsion on a Riemannian manifold. In [1] Agashe and Cha ‡e de…ned a semi-symmetric nonmetric connection on a Riemannian manifold and studied some of its properties. Later, the concept of semi-symmetric non-metric connection has been developed by (see, for instance, [3] , [21] ) and others. In this paper we study CR submanifolds of an S manifold endowed with a semi-symmetric non-metric connection. We consider integrabilities of horizontal and vertical distributions of CR submanifolds with a semi-symmetric non-metric connection. We also consider parallel horizontal distributions of CR submanifolds.
The paper is organized as follows: In section 2, we give a brief introduction to S manifolds. In section 3, we study CR submanifolds of S-manifolds. We …nd necessary conditions for the induced connection on a CR submanifold of an S manifold with semi-symmetric non-metric connection to be also a semisymmetric non-metric connection. In section 4, We study integrabilities of horizontal and vertical distributions of CR submanifolds with a semi-symmetric nonmetric connection. 
S Manifolds
for any X; Y 2 (T f M ); i; j 2 f1; : : : ; sg. In addition we have:
Moreover, a metric f -manifold is normal if
where
M is said to be an S-manifold if the f structure is normal and
for any = 1; :::; s: In the case s = 1; an S manifold is a Sasakian manifold. Now, if e r denotes the Riemannian connection associated with g, then [7] 
for any X; Y 2 (T f M ); 2 f1; :::; sg: 
? are the tangent space of M at x:
We denote by 2p and q the real dimensions of D x and D ?
x respectively, for any x 2 M: Then if p = 0 we have an anti-invariant submanifold tangent to 1 ; 2 ; :::; s and if q = 0; we have an invariant submanifold. with its usual S-structure given by
(x 1 ; :::; x n ; y 1 ; :::; y n ; z 1 ; :::; z s ) denoting the Cartesian coordinates on R 2n+s . The consider a submanifold of R 8 de…ned by M = X(u; v; k; l; t 1 ; t 2 ) = 2(u; 0; k; v; l; 0; t 1 ; t 2 ):
Then local frame of T M 
where BN (resp. CN ) denotes the tangential (resp. normal) component of 'N: Now, we de…ne a connection r as
Theorem 3.1. Let e r be the Riemannian connection on a S manifold f M . Then the linear connection which is de…ned as
is a semi-symmetric non metric connection on f M :
Proof. Using new connection and the fact that the Riemannian connection is torsion free, the torsion tensor T of the connection r is given by
for all X; Y 2 (T M ). Moreover, by using (3.6) again, for all X; Y; Z 2 (T M ) and since e r is a metric connection, we have
From (3.7) and (3.8) we conclude that the linear connection r is a semi-symmetric non-metric connection on f M .
for all X; Y 2 (T M ).
Proof. From (3.6), we get
for all X; Y 2 (T M ). Therefore we obtain the result from (2.4).
Corollary 3.1. Let M be a CR submanifold of S-manifold f M with semi-symmetric non-metric connection r: Then
We denote by same symbol g both metrics on f M and M . Let r be the semisymmetric non-metric connection on f M and r be the induced connection on M . Then,
where m is a (T ? M ) valued symmetric tensor …eld on CR-submanifold M . If r denotes the induced connection from the Riemannian connection r; then
where h is the second fundamental form. Using (3.1) and (3.4), we have
Equating tangential and normal components from both the sides, we get
and
Thus r is also a semi-symmetric non-metric connection. From (3.2) and (3.13), we have
where X 2 (T M ) and N 2 (T ? M ). Now, Gauss and Weingarten formulas for a CR-submanifolds of a S-manifold with a semi-symmetric non-metric connection is r X Y = r X Y + h(X; Y ) (3.14)
for any X; Y 2 (T M ) and N 2 (T ? M ); h second fundamental form of M and A N is the Weingarten endomorphism associated with N: Theorem 3.3. The connection induced on CR submanifold of a S-manifold with semi-symmetric non-metric connection is also a semi-symmetric non-metric connection.
Proof. From (3.7) and (3.8), we get
for any X; Y 2 (T M ); where T is the torsion tensor of r:
Integrability and Parallel of Distributions
Lemma 4.1. Let M be a CR submanifold of an S manifold f M with semi-symmetric non-metric connection. Then,
Proof. By direct covariant di¤erentiation, we have
for any X; Y 2 (T M ): By virtue of (3.4),(3.9),(3.14) and (3.15) we get
Using (3.4) again, we have
Equations (4.1)-(4.3) follow by comparing the horizontal, vertical and normal components.
Lemma 4.2. Let M be a CR submanifold of an S manifold f M with semi-symmetric non-metric connection. Then,
Proof. From (3.9), we have
In above equation, using (3.14) and (3.15), we have
Now comparing tangent and normal parts in above equation, we obtain (4.4) and (4.5).
Lemma 4.3. Let M be a CR submanifold of an S manifold f M with semi-symmetric non-metric connection. Then,
for any X; Y 2 (D):
and (2.2) we obtain
Moreover, we have
Now using (3.14), we have
Now comparing tangent and normal parts, we obtain (4.6) and (4.7).
Lemma 4.4. Let M be a CR submanifold of an S manifold f M with semi-symmetric non-metric connection. Then,
Proof. Using (3.14) in (3.10), we easily obtain r X = f X + X ) r X + h (X; ) = f X + X which gives r X + h (X; ) = f P X f QX + X: Now comparing tangent and normal parts, we get r X = f P X + X and h (X; ) = f QX:
On the other hand, using (3.3) we have
. Using (4.9) in the above equation, we get
which gives (4.10). 
